
By way of example  we have depicted in Fig.  1 the profi le  of the bot tom of the c r a t e r  in a copper  t a rge t  
for  q0 = 106 W/cm2 and q0/q(b) = 2. It can be seen  f r o m  Fig. 2 that  the veloci ty  of motion of the front g depends 
signif icantly on its cu rva tu re .  Even when the energy  densi ty  is uni formly dis t r ibuted over  the c ross  sec t ion  
of the beam,  i . e . ,  when q0 = q(b) (curve 2), the veloci ty  g is apprec iab ly  less  than the veloci ty  of a planar  
front  (curve 1). While if q0/q{b) = 2 (curves 3 and 4), neglecting the cu rva tu re  of the front leads to a lmos t  a 
10-fold e r r o r  in the de te rmina t ion  of g in the range  10G-10 ? W / c m  2. 

F igure  3 shows the dependence of the ra te  of motion of the front g and the t e m p e r a t u r e  T i on the p a r a m -  
e te r  v 0. As pointed out in [1], fo rmula  (10') ve ry  roughly d e t e r m i n e s  the p re -exponent ia l  fac tor  in the kinetic 
equation. The calculat ions show, however ,  that  the magnitude of this p a r a m e t e r  has only a sma l l  effect on the 
r e su l t s  of the computat ions;  varying v 0 by an order  (from 105 to 106 c m / s e c )  changes the veloci ty  g only by 
around 5%. 

NOTATION 

Ti,  t e m p e r a t u r e  of the center  of the bot tom of the c r a t e r ;  T2, t e m p e r a t u r e  of the ou te rmos t  points of the 
front  (at r = b); g, s t a t ionary  ra t e  of deepening of the c r a t e r ;  p = (d2T/d}2)/(dT/d~); ~2 = (1/B2) • ln(T1/T2), 
d is tance  along the X axis f rom the cen t ra l  point of the front to the i s o t h e r m  with t e m p e r a t u r e  T2; h = (1/B 2) In 
(Ti /Tm),  depth of the mol ten layer  along the X axis;  r 1 = (2,4/AB).  
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Equation (1) is obtained f rom the more  genera l  equation 

F,..~pc OT 0 (k O T )  
ot Ox -~x = 0  (2) 

through introduction of the new function u and the coefficient f: 

u = ~ pcdr, f (u) = k/pc. (3) 

In the same sense as the group class i f icat ion problem solved in [1] this device appears to be a natural 
one, as does also the repeated neglect of a rb i t r a ry  constants (all considerat ions in [1] are  taken "to within 
equivalency," i . e . ,  linear t ransformat ions  of a rb i t r a ry  var iables  are  ignored). The problems we solve in 
this paper,  on the other hand, requi re  retaining (in explicit form) a maximum number of the free pa ram-  
e ters  and functions, since our goal is to use the invariant solutions of the heat-conduction equation to solve 
inverse  problems,  i . e . ,  to determine the coefficients of heat  capacity and heat conduction, namely, c o 
and k, as functions of the t empera tu re .  

1 .  I n v a r i a n t  S o l u t i o n s  of  E q .  (2) 

Equation (2) can be conveniently wri t ten in the equivalent form of a sys tem of f i r s t -o rde r  quasil inear 
equations I thus, 

F 1~-- pl 1 - -  ~p~ ~--- 0; 

Here we have introduced the notation 

~-~X 1, X ~ X  2, U ~ t / l ,  

F= ~ q)p2 ~ -- u ~ = 0. (4) 

Ou i _ O u  ~" '~-E~-~ ="' '  P~- -ax;-" 

for m 

where 

The conditions for invariance of the differential  manifold (4) with respec t  to the operator  X are of the 

Y/F 1 = 0 ,  .Y/F~=0, F~=0,  F2=0 ,  (5) 

0 . 

-x Ox i Ou ~ ' 

k t ":-~p~ =Di(~) - -p jD~(~ i ) ;  D~__ Ox'O P, Ou 

(summation is taken over repeated Latin indices).  The defining sys tem of equations is represented by the 
following relat ionships [expanded fo rm of the conditions (5)]: 

~I 1 2 " 1 - -  p~ ~ . -  ~ = o,  

p ~ ' ~  ~ (6) ~. + ~ -- ~ = o, 

The dot above the functions ~o and ~b denotes differentiation with respec t  to u. Relative to the coordinates 
}i and ~k of the operator  X, the sys t em (6) is decomposable (owing to the a rb i t ra r iness  and independence 

X U 2 2 of the variables  Pl, P2); its general  solution can be wri t ten in the form 

Here 

~ = a t  ~; ~ . =  V_ x ~ + 6 x + e ;  
4 

~" ~ 2 ; ~q = (r176 + • q + 7:(p 

OU 

q=q~ Oxx ' X=ln(q)~). 

The a rb i t r a ry  constants c~, /3, 3/, 5, ~, ~, ~t, co are  determined f rom conditions introduced below. 
it is important  to distinguish the following cases .  

a) X(u)an a rb i t r a ry  function. In this case ~, 13, ~ can take on a rb i t r a ry  values, and 5 = ~/2 ,  ~ = 
--5, y = ~ = 0. The invariant solutions corresponding to this case cannot be used to solve inverse problems 
without some additional assumptions on the form of the functions qo(u) and r (see [2]). 
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b) The  func t ion  • s a t i s f i e s  the  equa t ion  

or  (what amoun t s  to  the  s a m e  th ing)  t he  equa t ion  

+ z ~ / ,  = (~ + ~)(z)~. 

(7) 

(s) 

A c o n s t r a i n t  of t h i s  k ind is  i n t r o d u c e d  in  such  a way tha t  i f  t he  func t ion  ~o(r i s  c h o s e n  a r b i t r a r i l y ,  
t h e n  the  o the r  func t ion  r ( r e s p e c t i v e l y ,  ~o) is  ob ta ined  by  s o l v i n g  Eq.  (7) [ r e s p e c t i v e l y ,  Eq.  (8)]. In th i s  
c a s e  the  c o n s t a n t s  a ,  /3, e, ~ can  be s e l e c t e d  a r b i t r a r i l y ;  7 ,  5, ~ and w a r e  c h o s e n  by m e a n s  of the  con -  

d i t i ons  

~(1 + 4c0) = 0, a + ~ - - 2 6 = 0 ,  • 

It is  conven ien t  to  have  an  e x p l i c i t  f o r m  of the  r e l a t i o n s h i p  b e t w e e n  ~o and r s p e c i f i e d  by  the  c o n d i -  

t i o n s  (7) and (8). I n t e g r a t i n g  Eq.  (8), we find 
u ! 

,p=  (9) 
0 

S i m i l a r l y ,  s t a r t i n g  f r o m  Eq.  (7), we r e a d i l y  ob t a in  

C (.) qD (u) exp ~ ~ j q~ (s) ] 
0 0 

H e r e  Ct and C 2 a r e  a r b i t r a r y  c o n s t a n t s  of i n t e g r a t i o n .  

We e o n s i d e r  the  e a s e s  3' = 0 and 3' e 0 s e p a r a t e l y ~  

b .1)  3' = 0. We ob t a in  a s e t  of l i n e a r l y  i ndependen t  o p e r a t o r s  of a Lie  a l g e b r a  f r o m  the  g e n e r a l  
f o r m  of an  o p e r a t o r  of the  o n e - p a r a m e t e r  s u b g r o u p :  

t a k i n g ,  i n t u r n ,  one of the  four  f r e e  p a r a m e t e r s  ee, /3, ~, ~ to  be n o n z e r o  and d e t e r m i n i n g  the r e m a i n i n g  
p a r a m e t e r s  f r o m  the  r e l a t i o n s  a + ~ = 26, x + 8 + ~o~ ; 0. As  a b a s i s  we can  thus  c h o o s e  the  o p e r a t o r s  

0 0 0 0 X3 2t ~ ~ x q , 
X~ = - ~ - ,  X 2 Ox Ot Ox Oq 

c3 2 0 0 
X 4 = x  Ox -~ 2 Ou ( l §  Oq 

We c o n s i d e r  the  p o s s i b l e  f o r m s  of the  i n v a r i a n t  s o l u t i o n s  in  th i s  c a s e .  

b . l . 1 )  X = X1; the  i n v a r i a n t s  a r e  J1 = x,  52 = U; U = u ( x ) ,  

b . l . 2 )  X =X2; the  i n v a r i a n t s  a r e  Jl  = t ,  '-72 =U; U = U ( t ) ,  

b.1 .3)  X = X3; t he  i n v a r i a n t s  a r e  J1 = x/4t-, J2 = u, J3 = qv~. 

T h e  s o l u t i o n  has  the  f o r m  

u = f (J,); q = F (Ja)/V~. 

b.1 .4)  X = X1 - -  aX2; the  i n v a r i a n t s  a r e  J1 = a t  § x, J2 = u, J3 = q.  

The  s o l u t i o n  has  the  f o r m  

u~-f(J1);  q = F ( J ~ ) -  

bol .5)  X = X 4 ;  t h e i n v a r i a n t s  a r e  J1 = t ,  J2 = •  l n x ,  J3 = q  x ( t + 2 @ "  

The  s o l u t i o n  i s  g i v e n  by  the  r e l a t i o n s h i p s  

Z[u(x, t ) ] = f ( t ) + 2 1 n x ;  q=x-(l+2~ 

b . l . 6 )  X = X 4 - -  aX1; t he  i n v a r i a n t s  a r e  J1 = e t x a ,  J2 = X(u) - -  2 In x,  J3 = q x(1 + ~ "  
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The so lu t ion  is d e t e r m i n e d  f r o m  the  r e l a t i onsh ips  

X [u (x, t ) l = f ( J 1 ) + 2 1 n x ;  q=x-1I+2O~lF(j~). 

b.1.7) X = (/2)(X4 --  X~); the  inva r i an t s  a r e  J1 = x, J2 = • + In t ,  J3 = q t - W  

The  so lu t ion  is d e t e r m i n e d  by means  of the r e l a t i onsh ips  

Z Iu (x, t)l = f (J~) - -  In t; q = t ~ F (g~). 

b.1.8) X = X3 + (1/2)(X3 - -  X4); the  invar ian t s  a r e  Jt = x /  34i-, J2 = ~ + (1/3) l n t ,  J3 = q x(l-c~ 

The  so lu t ion  is d e t e r m i n e d  by means  of the r e l a t i onsh ips  

Z [u(x, t)] = f(J,)-- l l n t ;  x(o~-l) F (J1). q 

b . l .9 )  X = ( / 2 ) ( X  4 - -  X 3) + ~X2; the  inva r i an t s  a r e  J1 = e X t ' ,  J2 = X(U) - -  ( l /a )x ,  J3 = q t - t ~  

The  so lu t ion  is d e t e r m i n e d  by  means  of the r e l a t ionsh ips  

1 
z [u (x, t)l - f (J0 + - -  x; q = t ~ F (Ja)- 

(Z 

The  functions f(J1) and F(J1), which a p p e a r  i n t h e  e x p r e s s i o n s  for  u(x, t) and q(x, t) ,  a r e  obtained by  
so lv ing  o rd ina ry  d i f fe ren t ia l  equat ions ;  t h e s e  l a t t e r  a r e  obtained,  in  t u rn ,  by subst i tu t ing u and q into the 
s y s t e m  of equat ions  (4). As an  example ,  we cons ide r  the case  

X (u) = ~ (x) - -  In t, q = t ~ F (x). 

Using the r e l a t ions  
Ou 1 ~ Ou df ~. ( Ou ~ 2 OZu d'[ 
O-7-= - - T  ' O--2 = d ; - '  ~ O~ / + ~ Ox~ = --dx ~- 

and Eq. (4), we r e a d i l y  see  that  f(x) is a so lu t ion  of the equa t ion  

f" - -  o, ([,)2 + e-q = o.  

Cor re spond ing ly ,  for  F ( x ) w e  obta in  the equa t ion  

d In F clef 
- - + 1 = 0 .  

dx dx 

The so lu t ion  of Eqs .  (11) and (12) may  be r e duced  to  q u a d r a t u r e s :  

d~ 1 
-4- [ " - - X ~ X o ,  

J 1 / / ~ ( 1 + C 3 ~  (1+2~)) 
exp C4 

(11) 

(12) 

1 + 2o #= 0; (13) 

i' exp (~/_2) d~, 1 + 2~ = 0; x - -  Xo -- d ( G - -  ~) 

C4 

(14) 

xe 

F ( x )  = Gexp j (-~]dY t - I  d~; y(~) = exp[(~). (15) 

x 

Here  C3, C4, C 5 a r e  cons tan ts  of in tegra t ion .  

We r e t u r n  now to  the ease  ~/ ~ 0, i . e . ,  ~ = - - 1 / 4 .  

b.2) y e 0. In  a d d i t i o n t o  the o p e r a t o r s  X1, X2, X3, and X4, we can  wr i te  down yet  another  l inear ly  
independent  o p e r a t o r  upon va ry ing  Y : 

x ~ 0 + x O + + o~xq O 

we can  then  a l so  wr i te  down new types  of invar ian t  so lut ions  connected  with this  o p e r a t o r .  
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b.2 .1)  X = Xs; the  i n v a r i a n t s  a r e  J1 = t ,  J2 = X - -  4 In x.  

T h e  s o l u t i o n  i s  g i v e n  by the  r e l a t i o n s h i p  

Z (u) = f (t) + 4 lnx. 

b~ X = X5 - -  o~Xl; the  i n v a r i a n t s  a r e  J1 = t  - -  4 a / x ,  Jz = X - -  4 In x,  

The  s o l u t i o n  i s  g i v e n  by the  r e l a t i o n s h i p  

~((u) = [ (Y0 + 4 In x. 

b .2 .3)  X = X 5 + a (X 4 - -  X3); the  i n v a r i a n t s  a r e  J1 = e I /X t l / 8~ ,  J 2  = X(u) + ( S c ~ / x )  - -  4 In x.  

The  s o l u t i o n  i s  g i v e n  by the  r e l a t i o n s h i p  

8~ 
Z (u) = f (JO + 4 In x - -  - -  

X 

By f o r m i n g  l i n e a r  c o m b i n a t i o n s  of the  o p e r a t o r s  Xi,  X 2  . . . . .  X 5 we c a n  ob ta in  many  s p e c i a l  f o r m s  
of i n v a r i a n t  s o l u t i o n s  of t he  s y s t e m  (4). It i s  a w e l l - k n o w n  fac t  t ha t  t h e r e  a r e  only a few e s s e n t i a l l y  d i s -  
t i n c t  s o l u t i o n s ,  i . e . ,  s o l u t i o n s  not ob t a inab l e  f r o m  one a n o t h e r  by a p p l y i n g  a p a r t i c u l a r  t r a n s f o r m a t i o n  of 
t he  f u n d a m e n t a l  g r o u p .  F r o m  the  poin t  of v iew of a p p l i c a t i o n s ,  h o w e v e r ,  i t  is  of no c o n s e q u e n c e  w h e t h e r  
t h e  a p p l i c a b l e  s o l u t i o n s  a r e  o r  a r e  not e s s e r ~ i a l l y  d i s t i n c t ;  the  only th ing  of i m p o r t a n c e  is tha t  the  s o l u -  
t i o n s  be  of a " s u i t a b l e "  f o r m .  

2 .  A p p l i c a t i o n  t o  t h e  S o l u t i o n  o f  I n v e r s e  P r o b l e m s  

C o n s i d e r  t he  fo l lowing i n v e r s e  p r o b l e m  f r o m  the  t h e o r y  of hea t  conduc t ion .  We wi sh  to  f ind,  for  a 
g i v e n  s o l u t i o n  of t he  b o u n d a r y - v a l u e  p r o b l e m ,  

0 - 5 - - - * ~  ~-gZx ~ 0 '  xe(x0, xl), t~[t o , tl], 

(16) 
u (x o, t) = % (t), u ( x .  t) = % (t), u (x, to) = u ~ (x), 

w h e r e  ~o and ~ a r e  p o s i t i v e  func t ions  of the  t e m p e r a t u r e  be long ing  to  the  c l a s s e s  C O and C l ,  a p a i r  of func-  
t i o n s  (~0, ~) which ,  when s u b s t i t u t e d  in to  Eq.  (16), would m a k e  the  l a t t e r  an  i d e n t i t y .  In cons t rucI ; ing  a s o -  
lu t ion  of t h i s  p r o b l e m  we c a n  use  the  i n v a r i a n t  s o l u t i o n s  i n t r o d u c e d  in  Sec .  1. We g ive  an  e x a m p l e  be low 
i l l u s t r a t i n g  th i s  a p p r o a c h  in  d e t a i l .  

We c o n s i d e r  an  i n v a r i a n t  s o l u t i o n  c o r r e s p o n d i n g  to  the  o p e r a t o r  X 4 - -  X 3, The  t e m p e r a t u r e  f ie ld  
u(x,  t ) ,  i n t h i s  c a s e ,  m u s t  s a t i s f y  t he  cond i t i on  

[u (x, t)] = [ (x) - -  In t, 

the  hea t  f low q = tC0F(x). The  a s s u m p t i o n  we make  as  to  the  p o s s i b l e  f o r m  of the  func t ions  ~0(u) and ~(u) is  
cond i t i oned  by  the  fac t  tha t  t h e s e  func t ions  a r e  connec ted  t h r o u g h  one of the  p a i r  of r e l a t i o n s  (9) and (10). 
The  func t ions  f(x) and F(x)  a r e  g i v e n  by the  e x p r e s s i o n s  (13)-(15).  It i s  i m p o r t a n t  to  note tha t  t h e s e  l a t t e r  
func t ions  do  not c o n t a i n  any  of the  func t ions  a s s o c i a t e d  wi th  the  unknown c h a r a c t e r i s t i c s  c(u) and q)(u); t h e y  
c a n  be  d e t e r m i n e d  n u m e r i c a l l y  or  c a n  be  ob ta ined  in  the  f o r m  of a p p r o x i m a t e  a n a l y t i c  e x p r e s s i o n s .  If 
f* (x, C a, C 4) i s  t he  s o l u t i o n  of Eq.  (11), the  t e m p e r a t u r e  f ie ld  u(x,  t) can  now be  found f r o m  the  r e l a t i o n -  
sh ip  

u(x ,t) 

C 1 + C 2 ~ c (v) dv  = exp [(I + o~) (In t - -  [* (x, C~, C4))1. 
0' 

It i s  conven ien t  t o  i n t r o d u c e  the  new t i m e  v a r i a b l e  r = t w. In t e r m s  of th i s  new t i m e  v a r i a b l e  t he  hea t  f lux 
c a n  be w r i t t e n  in  t he  f o r m  

q (~) = F* (x, C~, C4, C5) ~. 

Let  t he  fo l lowing  cond i t ions  be  s a t i s f i e d :  

a)  the  unknown hea t  c a p a c i t y  i s  a n  e l e m e n t  of a n  m - p a r a m e t e r  f a m i l y  of func t ions ;  t hus ,  

c = c (u ,  bl, b2 . . . . .  bin); 
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b) at the ends of the in terva l  ix 0, x 1] boundary conditions of the f o r m  

q(xp, x )=Apx;  p = 0 ,  1; ~ > % ,  

a r e  maintained,  where  the eonstants  Ap a r e  a r b i t r a r y ,  but a re  sueh that  for some values of the constants  
of in tegra t ion  C3, C 4, and C 5 the following equations a r e  sa t i s f ied :  

F*(x m C3, Ca, C5)= Av; p = 0, I; 

e) the values of the t e m p e r a t u r e  Upj --- U(Xp, rj) a r e  known at the points Xp at the t imes  r j  q = 1, 2, 
. . .  ) [the genera l  number  of values of Upj is (m + 5)]; 

d) the initial  d i s t r ibu t ion  u(x 0, r)  sa t i s f i e s  the conditions of invar ianee .  

Then the solut ion {c(u, b-*); ~0(c, CI, C2, a~ } of the inve r se  p rob lem in question is de te rmined  f r o m  
the s y s t e m  of equations 

i I l I C 1 @ C 2 c(v, bl, b., . . . . .  b,,)dv = exp (1+~0) In~j--[*(%,C3, C4) , 

0 

p = O ,  1; ] = 1 , 2 , .  

Indeed, upon el iminat ing the unknown quantit ies f* (Xp, C 3, Ca), we obtain a s y s t e m  of (m + 3) equa-  
t ions involving the constants C1 and C 2 and the p a r a m e t e r s  w, b t . . . . .  b m. 

The assumpt ions  made above a r e  comple te ly  r ea l i s t i c  and at ta inable  in p rac t i ce ,  except  for the one 
per ta ining to  the possibi l i ty  of rea l iz ing  an invar iant  d is t r ibut ion at the initial  t ime  r 0. This la t ter  condi- 
t ion,  however ,  can be dropped.  The fact  of the ma t t e r  is that  the invar iant  solutions possess  a pecul iar  
s tabi l i ty ,  which amounts to the following: if at the boundary points Xp (p = 0, 1) the heat flux q(xp, r)  or 
the t e m p e r a t u r e  U(Xp, r) sa t i s f i e s  the conditions of invar iance ,  then, independently of the initiaI d i s t r ibu-  
t ion  u(x, r0), the solution u(x, r)  converges  asympto t ica l ly  to the invar iant  solution. This  can  be seen  as 
fol lows.  Consider  the function ~(x, t), defined by the exp re s s ion  

(x, t) = Z [u (x, t)] + Int. 

The requi red  p roper ty  is obviously equivalent to  the following condition: 

lim qb (x, t) = f (x). 

for  m 

For  the function F = exp (-- c0~) the boundary conditions a re  s t a t ionary  and have the most  convenient 

OF 
Ox (Xp, t ) = B p ,  p = O ,  1. 

The equation for F(x, t),  subject  to per turba t ions  of the init ial  conditions (@(x, t 0) ~ f), is obtained 

by substi tut ing F[~(u)] into Eq. (16): 
1 

OF K [FI~-----(oF~F- ~ 02F - - =  - - ;  s = In/; F(x, to)= exp[--cor t0)l. (17) 
Os Os 2 

It is readi ly  seen  that  the funetion F , ( x )  = exp (-- cot)is a s ta t ionary  solut ion of Eq. (17). We show now that  
this  solution is uni formly  and asympto t iea l ly  s table  (see [a]). 

The nonlinear d i f ferent ia l  opera to r  K on the r ight  s ide  of Eq. (17) has at the point F .  the der iva t ive  
! 

K F : 

K ) .  [y] = - -  (1 + 0)) y + d- 02y 
Ox 2 

Considering the function w = exp (--f) as an opera tor  (uniformly posit ive),  we can s tate  that  the d e r i -  
vat ive K F ,  is a w uniformly d iss ipa t ive  ope ra to r .  In fact ,  

x l  

(w/f~, [yT, y ) = - - ( 1 +  ~)/~yi~,- \ Ox / 
)c o 

Thus,  by vir tue  of the genera l ized  t h e o r e m  of Lyapunov (see [3]), the s p e c t r u m  of the opera tor  K' F .  
l ies in the left half-plane,  and, consequently (see [3]), the s ta t ionary  solution F ,  = exp (--cof(x)) is 

368 



un i fo rmly  and a s y m p t o t i c a l l y  s tab le .  
p e r t u r b a t i o n  h = F - -  F ,  can  be obtained f r o m  the e x p r e s s i o n  

xl 

d j [ 2(1-- ' (0) o 1 h r2 h 2 3 + 2(0 ~ - ' (l+Cay(l+-~~ 
ds  i = - -  1 + 2(0 J 

Here 

F a i r l y  a c c u r a t e  e s t i m a t e s  of the  r a t e  of d e c r e a s e  of the n o r m  of the 

X1 

dx _2j y(0y / 

y = exp [f*(x, Ca, C4, (0)1. 

I, 
2. 

3. 
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